













–Fourier Stokes – –
(Yoshitsugu TAKEI)
1
WKB , 2 ,
(cf. [KT]).
, ,












(1) $P \psi=(\frac{d^{m}}{dx^{m}}+q_{m-1}(x)\eta\frac{d^{m-1}}{dx^{m-1}}+\cdots+q0(X)\eta)m\psi=0$ .
2 , (1) WKB .




( ) . , (3) $\xi_{j}(x)(j=1, \ldots, m)$
, $S_{-1}(X)=\xi_{j}(x)$ – $m$ WKB .
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2 , WKB
, Borel . , WKB $\psi$
Borel ( Laplace )
(4) $\psi_{B}(x, y)=\sum^{\infty}\frac{\psi_{j}(X)}{\Gamma(j+1)}j=0(y+y0(_{X}))^{j}$ ( $y \mathrm{o}(_{X})=\int^{x}S-1dX$ )
( ), Laplace
(5) $\eta\int_{-y\mathrm{o}(x)}^{\infty}e-\eta y\psi B(_{X}, y)dy$
( ) $\psi$ Borel , WKB
. (5) .
WKB Borel $\mathbb{C}_{x}$
, turning point ( ) Stokes . ,
.
Definition 1 (i) (3) , (3) turn-
$\mathrm{i}\mathrm{n}\mathrm{g}$ point .
(ii) Stokes .
(6) $\propto s\int_{a}^{x}(\xi_{j}(_{X})-\xi_{j}’(_{X)})d_{X}=0$ ,
$a$ turning point , $\xi_{j}(x)$ $\xi_{j’}(x)$ $x=a$ (3) 2
.
Remark , 2 , turning point Stokes
2 [ $\mathrm{t}\mathrm{y}\mathrm{P}^{\mathrm{e}}$ ( ) . (6)
Stokes $(‘ \mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}(j, j’)$ ”, ( Stokes
$\Re\int_{a}^{x}(\xi_{j}(x)-\xi_{j(X}’))dX$ ) “type $j>j’$” “ $\mathrm{t}\mathrm{y}\mathrm{P}^{\mathrm{e}}i<i’$”
.
Stokes , WKB $\psi$ Borel (5) $\psi_{B}(x, y)$
, , Stokes
Stokes . , (Airy )
Stokes
( [AKTI, \S 1] ), (1)




Example 1 $([\mathrm{B}\mathrm{N}\mathrm{R}])$ 3 .
(7) $( \frac{d^{3}}{dx^{3}}-3\eta^{2}\frac{d}{dx}+2X\eta^{3})\psi_{=}0$ .
$x=\pm 1$ turning point , $x=1$ (
8) ) type $(0,1)$ Stokes , $x=-1$
type $(1, 2)$ Stokes . Figure 1
Stokes , type $(0,2)$ “new Stokes
curve” (Figure 1 , ) Stokes
Berk .
Figure 1
, WKB Borel Stokes
.
, Stokes . [AKTI]
“new turning point” ,
. , , $x$
Fourier-Laplace ( Berk )
.
3 Laplace





Laplace , (1) $q_{j}(X)$ 1
(8) $q_{j}(x)=c_{j}x+d_{j}$ $(c_{j}, d_{j}\in \mathbb{C}, j=0, \ldots, m - 1)$
. Laplace ( $\ovalbox{\tt\small REJECT}$ )
Fourier-Laplace
(9) $\hat{\psi}(\xi)=\int e^{-\eta x\xi}\psi(x)dx$ , $\psi(x)=\int e^{\eta x\xi}\hat{\psi}(\xi)d\xi$
1 , 1
, Laplace . ,
, .
(10) $\psi(x)=I^{e}\eta x\xi\eta \mathit{9}(\xi)\frac{1}{C(\xi)}de\xi$ .
$C(\xi)=cm-1\xi^{m-1}+\cdots+c0,$ $D(\xi)=\xi^{m}+d_{m-1}\xi^{m}-1+\cdots+d_{0}$ , $g(\xi)$
$dg/d\xi=D(\xi)/C(\xi)$ .
(10) $\eta$ ,
$\eta$ “saddle point method ( ) ”
. WKB , saddle point method




. $P$ Fourier-Laplace $\hat{P}=\eta(d/d\xi+\eta\xi^{2})$ ,
(12) $\psi(x)=\int e^{\eta(x\xi-\xi^{3}}d/3)\xi$
.
, “phase function” $x\xi-\xi^{3}/3$ $f(x, \xi)$ . saddle
point $\partial f/\partial\xi=0$ , $\xi=\pm\sqrt{x}$ . (
) $\xi=\sqrt{x}$ saddle point , $\Re f$
steepest descent path $\Gamma$ . $\Gamma$ , $arrow^{\infty}f$ – , $\Re f$
( $\sqrt{x}$ $\Gamma_{+}$ , $\Gamma_{-}$





. $\xi=\xi(x, y)$ $- \frac{2}{3}x^{3/2}$
$-$
Figure 2
) (12) , $y=-f(x, \xi)=-x\xi+\xi^{3}/3$ ,
(13) $\psi’(x)$ $=$ $\int_{\Gamma}e^{\eta(x\xi}-\xi^{3}/3)d\xi$
$=$ $\int_{\overline{\Gamma}}e^{-\eta y}[(\frac{dy}{d\xi})^{-1}|_{\Gamma}+-(\frac{dy}{d\xi})^{-1}|_{\Gamma_{-}}]dy$
$=. \int_{\tilde{\Gamma}}e^{-\eta y}[\frac{1}{\xi^{2}-x}|_{\Gamma}+-\frac{1}{\xi^{2}-x}|_{\Gamma_{-}}]|_{\xi=\xi(x},y)dy$ .
.
Proposition 1
(14) $[ \frac{1}{\xi^{2}-x}|_{\Gamma}+-\frac{1}{\xi^{2}-x}|_{\Gamma_{-}}]|_{\xi=\xi(}x,y)=\frac{\sqrt{3}}{2}\frac{1}{x}[s-1/2F(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};S)]|S=3y/4x^{3/2}+1/2$
( $F(a,$ $b,$ $c;z)$ Gauss . )
(14) , , $\xi=\sqrt{x}$
( $y=-2x3/2/3$) Puiseux 1 .
(14) , Airy (11) WKB Borel (
) (cf. $[\mathrm{K}\mathrm{T},$ \S 2.2]). , Airy (11) , saddle
point steepest descent path WKB Borel
.
Laplace , . ,
(10) phase function $x\xi+g(\xi)$ $f(x, \xi)$ ,
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(i) $f(x, \xi)$ saddle point $m$ , $\xi_{j}(x)$ –
( , saddle point $\partial f/\partial\xi=0$ –
),
(ii) $\xi_{j}(x)$ saddle point $\Re f$ steepest descent path $\Gamma^{(j)}$ ,
$\Gamma^{(j)}$ Laplace ( $S_{-1}=\xi_{j}(x)$ ) WKB
Borel ,
. [T3] . ,
Example 2 $y=-f(x, \xi)$ Borel
( $\mathbb{C}_{y}$ Borel ),
saddle point WKB Borel $\psi_{B}(x, y)$ . Example 2
steepest descent path Borel
, .
Proposition 2 Laplace , WKB Borel Stokes
, (10) $\Re f$ steepest descent path 2 saddle point
, .
Laplace , , WKB Borel
Stokes – .
4
Laplace , [Laplace .
, Laplace (10) Fourier-Laplace





$P \psi=\sum_{m0,0\leq k\leq j\leq_{n}\leq}\alpha_{jk}X\eta$
$km-j( \frac{d}{dx})^{j}\psi=0$ .
( , $\alpha_{m\mathit{0}}=1,$ $\alpha_{m1}=\cdots=\alpha_{mn}=0$ . (1) ,
$q_{j}(x)$ , $n$ . ,
$n=1$ Laplace . )
(16)
$p(x, \xi)^{\mathrm{d}\mathrm{e}}=\mathrm{f}0\leq_{k}0\leq\sum_{j\leq_{n},\leq m}\alpha jkX^{k}\xi^{j}=0$
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. (15) Fourier-Laplace (9)
(17) $\hat{P}\hat{\psi}=\eta^{m-n}\{_{0\leq^{j}}0\leq_{k\leq n}1\sum_{\leq m}\alpha_{j}k(-)^{k}\xi j-\eta^{n}k(\frac{d}{d\xi})^{k}+(\eta \text{ _{ } })\}\hat{\psi}=0$
.
(17) (15) , $n\geq 2$ (17)
. , (17) $\eta$ (WKB
) , (17) WKB
. (17) (15) , (16) $x$
$x=x_{k}(\xi)(k=1, \ldots, n)$ $-x_{k}(\xi)$
, .
(18) $\psi(x)=\int e^{\eta x\xi}\exp(-\eta\int^{\xi}x_{k}(\xi)d\xi+\cdots)d\xi$ .
WKB , (18) $f_{k}(x, \xi)=x\xi-\int^{\xi}x_{k}(\xi)d\xi$
phase function $\eta$ . , Laplace
, $(x, \xi)$ phase funcfion steep-




(19) $P= \frac{d^{2}}{dx^{2}}-\eta^{2}x^{2}$ , $\hat{P}=-(\frac{d^{2}}{d\xi^{2}}-\eta^{2}\xi^{2})$
. , $\xi^{2}-x^{2}=0$ , WKB (
, $\hat{P}$ ) .
(20) $\hat{\psi}_{\pm}=\frac{1}{\sqrt{\eta\xi+\eta^{-1}s1(\xi)+}}\exp\pm(\eta\frac{\xi^{2}}{2}+\int_{\infty}^{\xi}(\eta^{-1}S1(\xi)+\cdots)d\xi)$ .
((20) , 2 , $\eta$
( $1/\sqrt{\eta\xi+}$ ) . $[\mathrm{K}\mathrm{T}, \S 2.1]$ . )
WKB Borel $\psi_{B}$ , Gauss
([T2, Lemma 1]).
, .
(21) $\psi=\int e^{\eta x\xi}\hat{\psi}_{\pm}d\xi=\int eed\eta x\xi\pm\eta\xi^{2}/2+\cdots\xi$ .
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Figure 3
phase function $f\pm=x\xi\pm\xi^{2}/2$ . , saddle point $\xi=\mp x$
2 , $\Re f\pm$ steepest descent path Figure 3 (
steepest descent path . $x$ 1 . )
’ ( ) $\xi_{\wedge}=x$ saddle point
. , WKB $\psi_{-}$ , $\xi=x$ $\Re f_{-}$ steepest
descent path ( $\Gamma$ ) . $\psi_{-}$ Borel
, (21) .
(22) $\int_{\Gamma}e^{\eta x\xi}\uparrow\hat{\ell}_{-}d\xi$ $=$ $\int_{\xi=x+u}\mathbb{R}e^{\eta x\xi}(\int_{z=\frac{1}{v^{2}}\xi^{2},\geq 0^{+v}}e^{-\eta}\hat{\psi}_{-}z,(B\xi, Z)dz)d\xi$
$=$ $\int_{y=}?\mathit{1}\mathit{1}=\frac{1}{2}-\frac{1}{u2}2x^{2}+1+v\geq l\mathit{1}0e^{-\eta y}(\int_{|u|\leq}\xi=x+u)\sqrt{2w}\hat{\psi}_{-},B(\xi, y+x\xi d\xi)dy$ .
, $z\mapstoarrow y=z-x\xi$ (
Figure 4 . )
(22) , Borel , $P\psi=0$ WKB
Borel . , . ,
105
Figure 4
Proposition 3 $w$ ,
(23) $\int_{\xi=x}|u|\leq\sqrt{2u)}+u\hat{\psi}_{-},B(\xi, y+x\xi)d\xi=\sqrt{9_{T}}.\psi_{+}+,(x, yB)+$ .
$\psi_{+,B}^{\mathit{1}+}+$ , (20) $P\psi=0$ WKB $\psi_{+}$ $\eta^{1/2}$
WKB $\psi_{+}^{+}+=\eta^{-1/2}\psi_{+}$ Borel .
(23) , $\psi_{\pm}$ Borel ,
. [T2, Proposition 1] .
Proposition 3 , WKB Borel Fourier-Laplace (21) steep-
est descent method , . (2.3) ,
$(u, v)=(-\Re_{X}, (^{\alpha}SX)^{2})$ ( ) (cf.
Figure 4), J . Figure 5 Proposition 3
, $w\leq w_{0}\mathrm{d}\mathrm{e}\mathrm{f}=(\Re x)2/2+(sx)\propto 2$ (23) $\psi_{+}^{+}+$ Borel (
) . , $w=w_{0}$ (Fig-
ure 5 ), $w\geq u$) $0$ , $\psi_{+}^{+}+$ Borel
. Figure 5 $C_{2}$ ( $-\Re x$
$-\Re_{X}$ )
, $\Re f_{-}$ steepest descent path $\Gamma$ $\xi 0$ $\Re f_{+}$
steepest descent path $\tilde{\Gamma}$ (cf. Figure 3), $\tilde{\Gamma}$ $\hat{\psi}_{+}$ Fourier-
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(For $w<w_{0}$ ) (For $w=w_{0}$ ) (For $w>w_{0}$ )
$\lrcorner \mathbb{C}_{u}$ $\lrcorner \mathbb{C}_{u}$
$-\overline{\sqrt{2w}\backslash \sqrt{2w}}$ $-\sqrt{2w}-\Re_{x\sqrt{2w}}-$






Proposition 4 $\hat{P}\hat{\psi}=0$ WKB Borel Fourier-Laplace
–
(24) $\int_{\Gamma}e^{\eta x\xi}\hat{\psi}-d\xi+\sqrt{2}i\int_{\Gamma}e^{\eta x\xi}\hat{\psi}_{+^{d}}\xi$
, $P\uparrow l,$ $=0$ WKB $\sqrt{2_{T}}\psi_{+}^{+}+$ Borel – .
$[\mathrm{T}2, \S 5]$ .
’ , $\hat{P}\ovalbox{\tt\small REJECT}=0$ Stokes
. Stokes WKB $\hat{\psi}_{-}$ Borel Stokes
. , saddle point $\xi=x$ WKB $\hat{\psi}_{-}$ Borel
, 2 , 2 WKB $\hat{\psi}_{\pm}$ Borel –
. Proposition 4 $\hat{\psi}_{+}$ Fourier-Laplace –
, Stokes . , (24) 2
$\sqrt{2}i$ , Stokes ( , Borel –
$\text{ })$ ’ – (
[Tl, Proposition 5] . )
, $P\psi$) $=0$ WKB ,
steepest descent path $\langle$ (24) –
.‘ Fourier-Laplace $\hat{P}\hat{\psi}=0$ WKB Borel
, , , steepest
descent path $\Gamma$ , $\Gamma$ Stokes I








(17) $S_{-1}(\xi)=-Xk(\xi)$ WKB ,
(18) phase function ( ) $f_{k}(x, \xi)=X\xi-\int^{\xi}x_{k}(\xi)d\xi$ .
$f_{k}(x, \xi)$ saddle point ( (15) (16) $\xi=\xi_{j}(X)$
– ) $\xi=\xi_{j}(x)$ \Re steepest descent path $\Gamma_{k}^{(j)}$
. $\Gamma_{k}^{(j)}$ (17) type $k>l$ Stokes ,
$\Re f|$ steepest descent path $\Gamma_{kl}^{(j)}$ . , $\Gamma_{kl}^{(j)}$ type
$l>l’$ Stokes ffIt steepest descent path . . . ,
. , steepest descent path (
) $\Gamma_{k}^{(j)}\cup(\bigcup_{l}\Gamma_{kl}(j))\cup\cdots$ , $\xi=\xi_{j}(X)$ $\Re f_{k}$ generalized steepest
descent path ( exact steepest descent path) .
(Proposition 4) , $\Gamma_{k}^{(j)_{\cup}}(\cup\iota \mathrm{r}^{(j)})kl\cup\cdots$
$\xi=\xi_{j}(x)$ generalized steepest descent path ,
(25) $\int_{\Gamma_{k}^{(J)}}e^{\eta}\hat{\psi}x\xi d\xi k+\sum_{l}C_{l}\int_{\Gamma_{kl}^{(}}J)e^{\eta x\xi}\hat{\psi}ld\xi+\cdots$
(15) $S_{-1}(X)=\xi_{j(x)}$ WKB $\psi_{j}$ Borel
( $c_{l}$ ). ,
, Laplace Proposition 2 –
.
Conjecture (15) , WKB Borel Stokes
, (18) phase function $f_{k}(x, \xi)$ generalized steepest descent
path 2 saddle point , .
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